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In this work, a new and simple numerical approach to simulate nonlinear wave propaga-
tion in purely hysteretic elastic solids is presented. Conversely to classical time discretiza-
tion method, which fully integrates the nonlinear equation of motion, this method utilizes
a ﬁrst-order approximation of the nonlinear strain in order to separate linear and nonlinear
contributions. The problem for the nonlinear displacements is then posed as a linear one in
which the solid is enforced with nonlinear forces derived from the linear strain. In this
manner, a frequency analysis can be easily conducted, leading directly to a well-known fre-
quency spectrum for the nonlinear strain. A mesoscale approach known as Preisach–May-
ergoyz space (PM space) is used for the chacterization of the nonlinear elastic region of the
solid. A meshless element free Galerkin method is implemented for the discretized equa-
tions of motion. Nevertheless, a mesh-based method can be still used as well without loss
of generality. Results are presented for bidimensional isotropic plates both in plane stress
and in plane strain subjected to harmonic monotone excitation.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Wave propagation in hysteretic solids has attracted the interests of many researchers over the past years. Different
methods were proposed in order to simulate the complex mechanism behind strong heterogeneities and elastic nonlineari-
ties, especially when the potential of the exploitation of such nonlinear behaviour was sought for nondestructive damage
evaluation (NDE) applications (Johnson, 1999; Van Den Abeele et al., 2000; Van Den Abeele et al., 2001). A new approach
to consider nonclassical nonlinearities was ﬁrst proposed in the past decade by Guyer et al. (1995) and McCall and Guyer
(1995), McCall andGuyer (1996), Guyer andJohnson (1999), Johnson (1999) and by introducing the Preisach–Mayergoyz space
(PM space; Mayergoyz, 2003), which is explained in details in the following sections. From the simulation point of view, sev-
eral authors attempted to solve this problem using the PM space. A range of nonlinear numerical schemes were proposed to
incorporate PM space model in existing codes. A ﬁnite difference technique based on a spring model has been used in
ultrasonics propagation in complex and heterogeneous media by Delsanto and Scalerandi (1998), using local interaction sim-
ulation approach (LISA) in one-dimensional and two-dimensional cases. An application with the previous cited spring model
combined with the PM space has been used in Delsanto et al. (2006). Finite difference schemes like elastodynamic ﬁnite inte-
gration technique (EFIT) have been used in Van Den Abeele et al. (2004) for a resonant bar with localized damage. Recently,
Vanaverbeke and Van DenAbeele (2007) proposed a 2Dmodel of wave propagation, generalizing the previous work (Van Den
Abeele et al., 2004) by implementing PM space in a step by step procedure where the stress strain relationship is updated each
time. To avoid cumbersome reassembling of the matrices, Zumpano andMeo (2007) proposed the evaluation of a ‘‘nonlinear
forces” contribution given by the updated stress–strain relationship matrix. Finally, it worth mentioning an attempt to solve. All rights reserved.
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placements, where a decomposition based on the order of magnitude is used for the linear solution and the ﬁrst order dis-
placement. The present work is an extension of this decomposition to discretized displacements ﬁeld.2. Description of the method
The method is based on the assumption that the solution of the nonlinear wave propagation can be written as the sum of
the linear solution uð0Þ (some authors Van Den Abeele et al., 1997 refer to it as zeroth-order solution) and a nonlinear part uð1Þ,
where u is the displacement vector. Every nonlinear elastic term contributes as a ﬁrst-order perturbation to the linear solu-
tion. This approximation and its consequences are explained in detail later in Section 3. The nonlinear elastic part can be
obtained by solving a linear problem where the solid is forced with ‘‘nonlinear forces” obtained from the zeroth-order solu-
tion. These forces are assembled using the ﬂuctuation in time of the elastic moduli in the stress–strain relationship, derived
from the mesoscale approach developed by Preisach and Mayergoyz (Mayergoyz, 2003; McCall and Guyer, 1996; McCall and
Guyer, 1995; Guyer et al., 1995), known as PM space which is illustrated in Section 2.1. These ﬂuctuations can be taken in
account submitting each stress component from the linear solution in their respective PM space. The medium is here dis-
cretized with ameshlessmethod (ormeshfree) developed by Belytschko et al. (1996b). Nevertheless, it worth mentioning that
also amesh-basedmethod (i.e. ﬁnite element) can be used providing that the discretized equation can be written in the form
of Eq. (16). The meshless method used is the element free Galerkin (EFG) (Section 2.2) and is based on the variational for-
mulation of the equations of equilibrium.
2.1. The Preisach–Mayergoyz space
Classical nonlinear models (Landau and Lifshitz, 1986) cannot explain the nonlinear behaviour generated by local nonlin-
ear forces due to damage presence (such as cracks, voids and contacts). This evidence was found experimentally by several
authors (Van Den Abeele and De Visscher, 2000; Guyer and Johnson, 1999; Van Den Abeele, 2000; Van Den Abeele et al.,
2000; Van Den Abeele et al., 2001; Van Den Abeele and Van De Velde, 2001). In order to take into account nonlinear behav-
iours like classical nonlinearity, as well as hysteresis and discrete memory, a stress dependence on strain time derivative can
be added in the nonlinear classical stress–strain relationship. A theoretical description is given by the nonlinear mesoscopic
elastic model (Guyer and Johnson, 1999; Johnson, 1999).r ¼
Z
Eð; _Þd; ð1Þwhere E is the nonlinear and hysteretic modulus given byEð; _Þ ¼ E0f1 b d2  a½Dþ ðtÞsignð _Þ þ   g; ð2Þ
where E0 is the linear modulus, D is the strain amplitude change over the last period, b and d classical nonlinear coefﬁcients,
and a material hysteresis measure. Eq. (2) is valid for signals having one pair of extrema per period like unipolar waves.
Experimental and numerical studies proved that for purely hysteretic materials (b ¼ 0,d ¼ 0,a–0) (Van Den Abeele and
De Visscher, 2000; Guyer and Johnson, 1999; Van Den Abeele, 2000; Van Den Abeele et al., 2000; Van Den Abeele et al.,
2001; Van Den Abeele and Van De Velde, 2001; Zumpano and Meo, 2007) for monofrequency harmonic excitation, the third
harmonic is quadratic with the fundamental amplitude. In the following Section 4.1, the single tone excitation is considered
and results in Section 4 show good agreement with the above mentioned evidences. With the mesoscale approach of the PM
space, the macroscopic behaviour of damaged materials is described by the contribution of a number of mesoscopic material
cells (1–10 mm) which are composed of a statistical collection of microscopic units (1–100 lm) with varying properties
deﬁning their stress–strain relation (elastic component contribution) and a non-classical addition due to hysteretic effects
(interface binding contribution). In particular, the strain component of hysteretic mesoscopic elastic unity (HMEU) can be
thought as the strain of a micro-crack when subject to an external pressure that produces its closing and opening. This
two stage behavior is highlighted in Fig. 1 in case of no classical nonlinear elastic behavior contribution. The mechanical
behaviour of microcracks is descripted by a rectangular loop in the pressure–length space. Two couples of parameters are
needed to deﬁne completely this loop: the two equilibrium lengths (l0, lc) and a pair of pressure ðPc; PoÞ with Pc P Po. Con-
forming with this rectangular loop (Fig. 1), the equilibrium length of the interface binding remains constant l0 until the pres-
sure load equals the closing pressure PcðlcÞ, consequently, the only changes in length of the HMEUs are those of their elastic
component. For pressure loads higher than the closing pressure Pc, once again, the only length changes are those associated
with the HMEU elastic component. Hence, decreasing the pressure load P, the HMEU length changes are only due to the
HMEU elastic component until the pressure P attains the opening pressure Po, where the HMEU interface binding stretches
to l0, and stays constant until the pressure is reversed and increased to Pc. The HMEU distribution of a material is described in
a stress–stress space ðPc; PoÞ, commonly termed PM-space. This representation is deﬁned analytically by specifying its den-
sity distribution lðPc; PoÞ (see Fig. 1 for a Gaussian distribution). The PM space representation of real materials can be in-
ferred using quasistatic measurements of the material strain following speciﬁcally designed protocol loads (McCall and
Guyer, 1995; Guyer et al., 1995). From the HMEU properties above illustrated and their PM space distribution, it is clear that
Fig. 1. PM space.
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the sign of the applied pressure DP. Once the number of the HMEU units closed is known, the non-classical correction K1 of
the classical nonlinear elastic modulus K can be calculated as follows:1
K1
¼  1
Lp
LðP þ DPÞ  LðPÞ
DP
; P ! P þ DP;
1
K1
¼  1
Lp
LðPÞ  LðP  DPÞ
DP ; P ! P  DP;
ð3Þwhere P is the applied pressure and the term L(P) is the length of the specimenLðPÞ ¼ ncðPÞlc þ ðN  ncðPÞÞl0;
LðP þ DPÞ ¼ ncðP þ dPÞlc þ ðN  ncðP þ DPÞÞl0; ð4Þ
LðP  DPÞ ¼ ncðP  dPÞlc þ ðN  ncðP  DPÞÞl0;where N is the total number of HMEU, ncðPÞ is the number of HMEU closed when the pressure is P, and lc and l0 are the equi-
librium lengths of HMEU. Therefore, considering only the contribution of the HMEU to the material deformation, the strain
generated by a stress P is given by the following expression: ¼ L0  LðPÞ
L0
; ð5Þwhere L0 is the initial length of specimen.
2.2. The element free Galerkin method
2.2.1. The moving least squares approximation
Ameshless discretization consists in only nodes and approximating functions do not rely on a mesh-based construction or
an element-based construction such as in the ﬁnite element, FE (Shaofan and Kam, 2002; Liu, 2003). Thus, conversely to FE
when shape functions and integrals are evaluated element-wise and then assembled, in meshfree (or meshless) methods
(MM) shape functions are deﬁned on the whole domain X and integrals for the construction of the matrices are usually eval-
uated numerically with a subdivision of the entire domain in quadrature cells (Dolbow and Belytschko, 1998; Dolbow and
Belytschko, 1999). The practical use of MM over FE is due to fact that remeshing is avoided and this is particularly useful in a
whole range of problems including large deformations, moving discontinuites (such as cracks) and fracture mechanics as ex-
plained in Fries and Matthies, 2003. Even though a FE approach could be used as well, in this work a MM implementation has
been preferred. The reason for that is a future application of the PM space to predict fracture initiation and crack propagation,
where a MM might be more suitable. The most common approximating functions are moving least squares (MLS) functions,
which is a weighted least squares procedure where the weights are spatial functions that span all over the domain X. More
detailed information about their mathematical properties and expressions of shape functions can be found in Belytschko
et al., 1996b. Using MLS it can be shown thatuhðxÞ ¼
XN
I¼1
/IðxÞUI; 8x 2 X; ð6Þ
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and UI are the nodal values.
Shape functions are obtained resolving a linear system of equations for each point of evaluation/IðxÞ ¼ pðxÞTA1ðxÞBIðxÞ; ð7Þ
where A is called the moment matrixAðxÞ ¼
XN
I¼1
wðx xIÞpðxIÞpTðxIÞ; ð8Þ
BðxÞ ¼ wðx x1Þpðx1Þ;wðx x2Þpðx2Þ; . . . ;wðx xNÞpðxNÞ½ : ð9Þ
wðxÞ is a weighting function and pðxÞ are called basis functionspTðxÞ ¼ ð1; x; x2; . . . ; xkÞ ð10Þ
in 1D case orpTðxÞ ¼ ð1; x; y; x2; xy; y2Þ ð11Þ
in 2D case. It should be clear that MLS is a least squares method, thus it does not interpolate prescribed values UI at the nodes
xI:uhðxIÞ–UI ð12Þ
for this reason, MLS is an approximation method rather than an interpolation method. Because of Eq. (12), MLS shape func-
tions do not satisfy the Kronecker condition, as it can also seen from Fig. 2/IðxJÞ–dij 8I; J ¼ 1 . . .N: ð13Þ2.2.2. Discretized equations of motion
The EFG method (Dolbow and Belytschko, 1998; Belytschko et al., 1996a; Belytschko et al., 1996b) is based on the weak
variational form of the differential equations of the elasticity along with the boundary conditionsZ
X
dTrdX
Z
X
duTbdX
Z
C
duTtdCþ
Z
X
duTq€udXþ a
Z
Cu
dGðuÞTGðuÞdCu ¼ 0; ð14Þwhere X is the entire domain of the solid, C its whole boundary, Cu the part of boundary where are imposed the essential
boundary conditions, r is the vectorized stress tensor,  is the vectorized strain tensor, q the mass density, u is the displace-
ments vector, b and t are, respectively, the body and the surface forces and GðuÞ the vector of the essential boundary con-
ditions, for example in 2DGðuÞ ¼ u u
v v
 
8x 2 Cu: ð15ÞFig. 2. MLS shape functions: dotted line: nodes, continuos line: shape functions.
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as in Eq. (6), because of the non-interpolating nature of MLS, essential boundary conditions cannot directly being imposed on
the nodes. Thus, a penalty method is needed for enforcing boundary conditions on displacements. Substitution of Eq. (6) in
Eq. (14) leads to the discretized equation of motionM€Uþ C _Uþ KðU; _UÞU ¼ fðtÞ; ð16Þ
where M is the mass matrix, C is the damping matrix, K is the stiffness matrix and f is the vector of generalized forces. It
should be remarked that U is a ‘‘ﬁctitious” nodal displacements vector because of Eq. (12). Mass and stiffness matrices
are given byMij ¼
Z
X
q/i/j dX; ð17Þ
Kij ¼
Z
X
LTi Dðx; ; _ÞLjdXþ a
Z
Cu
/i/jdCu; ð18Þwhere L is the two-dimensional strain differential operator matrix applied to all shape functions /I , D is the following the
elastic constitutive matrix:D ¼ Dð0Þ þ DDðx; ; _Þ; ð19Þ
where Dð0Þ is the undamaged elastic constitutive matrix and DDðx; ; _Þ is the variation in elastic moduli due to the presence
of damage. Since it is modelled as purely hysteretic units, from Eq. (2), these variations are function of the strain and its time
derivative. Nevertheless, using the PM spacemodel, it is possible to get the updated elastic modulus, taking into account the
instantaneous value of the strain ðtÞ and the strain amplitude change D over the last period. Moreover, the PM spacemodel
can deal also with the reversal point of the strain through the term signð _Þ Finally, generalized forces are given byfðtÞ ¼
Z
X
/TbdXþ
Z
C
/TtdCþ
Z
Cu
/TudCu: ð20Þ3. The frequency domain formulation
The assembled matrix-form of the equation of motion is Eq. (16). It should be noted that Eq. (16) stands regardless the
numerical method chosen to discretize the differential equations of elasticity, for example ﬁnite element or meshless, as pre-
sented in this work. Moreover, due to nonlinear elasticity, the stiffness matrix is actually a function of time. The following
formulation relies on a decomposition of the displacements ﬁeld based on the assumption of small displacement. A good
example of such decomposition is well presented in Van Den Abeele et al., 1997, where an analytical case is considered
for a one-dimensional beam with extensional displacements. The present work is an extension to 2D and even 3D solids
whose shapes can be discretized with an arbitrary numerical method. Bidimensional cases are presented in this paper
and a 3D application is currently under study by the present authors. The approach decomposes the total discretized dis-
placements vector U inU ¼ Uð0Þ þ Uð1Þ; ð21Þ
where Uð0Þ is the linear part of the displacement and Uð1Þ is the nonlinear ﬁrst-order displacements vector.
In case of purely hysteretic elasticity, according to Eq. (2), the generic elastic modulus Eij can be written as the sum of a
linear part and a nonlinear contribution which depends on the strain and on its time derivativeEijðx; ; _Þ ¼ E0 þ DEijðx; ; _Þ: ð22Þ
Therefore, rigorously speaking, stiffness matrix in Eq. (16) is a function of the nodal displacement vector. Using decomposi-
tion in Eq. (21) and assuming that DEij depends only from U
ð0Þ and inﬂuences only Uð1Þ, Eq. (22) becomesEijðx; ; _Þ ¼ E0 þ DEijðx; ð0Þ; _ð0ÞÞ: ð23Þ
The part DEij is then given by the PM space model, which provides dependance of the elastic moduli on strain and strain rate.
Due to purely hysteretic elasticity, within the assumptions made, the elastic moduli are functions of time in those points
modeled with the P–M space region XPM, whereas in the other points the elastic moduli are supposed constant. In these
points Eij can be considered as the sum of this constant part and the variation in time due only to the nonlinear elasticityEijðx; ; _Þ ¼
E0ij; x R XPM;
E0ij þ DEijðx; ; _Þ; x 2 XPM:
(
ð24ÞThe linear response Uð0ÞðtÞ is then the solution to problem
M€Uð0Þ þ C _Uð0Þ þ Kð0ÞUð0Þ ¼ fðtÞ; ð25Þ
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ð0Þ ¼ LUð0Þ is considered from the linear
response, then the linear stress can be evaluatedrð0Þ ¼ Dð0Þð0Þ ¼ Dð0Þ L Uð0ÞðtÞ; ð26Þ
where Dð0Þ is the zeroth-order stress–strain relationship matrix. If a ﬁrst-order contribution is considered for the nonlinear
displacements, then the evaluation of nonlinear stress contributions is implicitly made by neglecting the second-order term
due to the nonlinear strain. Indeed, the total stress–strain relationship can be written asr ¼ rð0Þ þ rð1Þ ¼ D ¼ ðDð0Þ þ DDðtÞÞðð0Þ þ ð1ÞÞ; ð27Þ
then, simplifying the linear partrð1Þ ¼ Dð0Þð1Þ þ DDðtÞð1Þ þ DDðtÞð0Þ ﬃ Dð0Þð1Þ þ DDðtÞð0Þ; ð28Þ
where the term DDðtÞð1Þ is neglected because it is much smaller than the other terms. Within this approximation, Eq. (16)
becomesMð€Uð0Þ þ €Uð1ÞÞ þ Cð _Uð0Þ þ _Uð1ÞÞ þ ðKð0Þ þ DKðtÞÞðUð0Þ þ Uð1ÞÞ ¼ fðtÞ; ð29Þ
the following decoupled equations result:M€Uð0Þ þ C _Uð0Þ þ Kð0ÞUð0Þ ¼ fðtÞ; ð30Þ
M€Uð1Þ þ C _Uð1Þ þ Kð0ÞUð1Þ ¼ DKðtÞUð0Þ: ð31ÞIt should be noted that both are linear problems and then the solutions depend on the same linear matrices, so the solution is
simpliﬁed with respect a full-direct nonlinear numerical implementation. The ﬁrst-order nonlinear term is forced by the
nonlinear forces associated with the linear strain ð0Þ ¼ LUð0ÞðtÞ:DKðtÞUð0Þ ¼ 
Z
X
LTDDðx; tÞLUð0ÞðtÞdX ¼ 
Z
X
LTDDðx; tÞð0ÞdX: ð32ÞThe innovation stands in the evaluation of DDðx; tÞ, which is derived from the mesoscale approach of the P–M space for every
x in XPM, solving the ﬁrst of the linear problems equation (30) and then inputting the linear components of the stress rð0Þ in
their respective PM spaces. Once obtained the nonlinear forces equation (32), the second equation (31) can be solved in order
to obtain the nonlinear ﬁrst-order displacements. Generally, from Eq. (30), it is possible to perform a Fourier transform of
both sidesUð0ÞðxÞ ¼ ðx2Mþ jxCþ Kð0ÞÞ1FðxÞ: ð33Þ
With an inverse fourier transform of Uð0ÞðxÞ, the zeroth-order solution can be obtained and then the evaluation of linear stress
to be inputted in the PM space model. Once obtained the time-histories of the elastic moduli, it is possible to perform numer-
ically the Fourier transform of the matrix DDðx; tÞ and applying the convolution theoremFnlðxÞ ¼ 
Z
X
LT
Z 1
1
DDðx;x0 xÞLUð0Þðx0Þdx0
 
dX ð34Þand so it is possible to get the nonlinear responseUð1ÞðxÞ ¼ ðx2Mþ jxCþ Kð0ÞÞ1FnlðxÞ: ð35Þ4. Numerical cases
In this section, two cases are considered for a plate both in plane stress and plane strain. The plane stress problem is for a
rectangular plate of 30 cm  20 cm with free edges subjected to lateral distributed load as in Fig. 3. The load is supposed
uniformly distributed. The geometry considered for the plane strain problem is rectangular plate of 80 cm  10 cm with free
edges as in Fig. 4. The Young modulus is 7e10 Pa and the Poisson modulus is 0.3. The mass density is 2900 kg m3 and a uni-
form probability density distribution has been assumed in the PM space.
Basis functions as in Eq. (11) has been used, while a spline radial function wðqÞ has been consideredwðqÞ ¼
2
3 4q2 þ 4q3; 0 6 q 6 12 ;
4
3 4qþ 4q2  43 q3; 12 < q 6 1;
0; q > 1;
8><
>: ð36Þwhere q ¼ ðx xIÞ=d and d is a dilatation parameter, which must be large enough to ensure invertibility of moment matrix A.
The region XPM modelled with the mesoscale approach is rectangular and its extents are much smaller than the plate
ones. Results are presented for different loads and different locations of XPM. The geometries of the problems considered
are typically used for example in aeronautical and civil engineering. The forces are applied dynamically according to a
Fig. 3. Plane stress case, red: XPM.
Fig. 4. Plane strain case, red: XPM.
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Moreover, with this type of excitation, it can be immediately recognized how odd harmonics are generated due to hysteretic
behaviour (see Eq. (41)).
4.1. Harmonic force and frequency domain solution
If the following excitation is supposedfðtÞ ¼ Fejx0t; ð37Þ
then the regime solution of Eq. (30) isUð0ÞðtÞ ¼ ðx20Mþ Kð0ÞÞ1Fejx0t ; ð38Þ
and the related Fourier transform isUð0ÞðxÞ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ððx0Þ2Mþ Kð0ÞÞ1F i2 dðxx0Þ ¼ F
ð0Þdðxx0Þ: ð39ÞThe time histories of the elastic modulus can be seen in Fig. 5 for different amplitudes of the harmonic load at 3 kHz. It can be
seen that at this frequency, for small amplitude (1e1 Pa) the solid is barely affected by the hysteresis. If a fast-fourier trans-
form is performed on these elastic moduli, its frequency content will contain only even harmonics as in Fig. 6. Indeed, con-
sidering the generic component of the matrix DD in a point of the nonlinear elastic region of the solidDDijðx; tÞ ¼
X1
n¼0
HijnðxÞej2nx0t ; ð40Þwhere Hijn is the amplitude of the nth harmonic of DDij The product in Eq. (32) becomes a function with only odd harmonicsDKðtÞUð0Þ ¼ 
Z
X
LTDDðx; tÞLUð0ÞðtÞdX ¼
X1
n¼0
Hð0Þn e
jð2nþ1Þx0t ; ð41ÞwhereHð0Þn ¼ 
Z
X
LTHnLF
ð0ÞdX: ð42ÞConsequently, the ﬁrst-order nonlinear strain ð1Þ will contain in its regime solution only the odd harmonics (Fig. 7) as ex-
pected and reported in Van Den Abeele etal. (1997), McCall andGuyer (1995), Van Den Abeele and DeVisscher (2000), Guyer
and Johnson (1999), Van Den Abeele (2000), Van Den Abeele et al. (2000), Van Den Abeele et al. (2001), Van Den Abeele and
Van De Velde (2001), Zumpano and Meo (2007).ðx2Mþ Kð0ÞÞUð1ÞðxÞ ¼
X1
n¼1
Hð0Þn dðx ð2n 1Þx0Þ ð43Þ
Fig. 5. Time histories of the elastic modulus at 3 kHz for different load amplitudes; blue: 1e1 Pa; red: 1e2 Pa; black: 1e3 Pa.
Fig. 6. DDijðxÞ: excitation at 3 kHz, the spectrum displays even harmonics.
172 E. Barbieri et al. / International Journal of Solids and Structures 46 (2009) 165–180and then, using the superposition principleUð1ÞðxÞ ¼
X1
n¼1
ðð2n 1Þx0Þ2Mþ Kð0Þ
h i1
Hð0Þn dðx ð2n 1Þx0Þ: ð44Þ
Fig. 7. Longitudinal strain spectra: blue: linear strain; red: nonlinear strain.
Fig. 8. Plane stress case: third harmonic (9 kHz) map of jð1Þx j.
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The load case is showed in Fig. 3. The plate is loaded with uniform load on the left edge according to the following sinu-
soidal law:tðx; tÞ ¼ a sinð2pf0tÞ ð45Þ
with a=1e5 Pa and f0=3 kHz. In Figs. 8 and 9, third harmonic strain maps are displayed. As expected, the maximum strain is
located in the XPM region for the longitudinal and transverse strain. Further analysis have been conducted varying the load
amplitude from 1e2 to 1e5 Pa at 3 kHz. Third and ﬁfth harmonics of the acceleration have been compared with the funda-
mental amplitude.
Fourier transform of the acceleration can be obtained by multiplying the Fourier transform of the displacement for x2.F €UðtÞ
h i
¼ x2UðxÞ: ð46ÞHarmonics of resulting acceleration are then plotted for variable pressure amplitudes. Particularly, the fundamental (ﬁrst),
the third and the ﬁfth ones are considered.
Fig. 9. Plane stress case: third harmonic (9 kHz) map of jð1Þy j.
Fig. 10. Third harmonic acceleration amplitude vs fundamental amplitude: load amplitude ranges from 1e2 to 3.3e3 Pa.
Fig. 11. Third harmonic acceleration amplitude vs fundamental amplitude: load amplitude ranges from 3.3e3 to 1e5 Pa.
174 E. Barbieri et al. / International Journal of Solids and Structures 46 (2009) 165–180
Fig. 12. Fifth harmonic acceleration amplitude vs fundamental amplitude: load amplitude ranges from 1e2 to 3.3e3 Pa.
Fig. 13. Time histories of the stress at 3 kHz.
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tionships becomes linear when the load is further increased (Fig. 11). These ﬁndings are in perfect agreement with the ones
reported in Vanaverbeke and Van Den Abeele, 2007 and with the experimental evidences.
4.3. Hysteretic loops, damping factors and resonance shift
The purely hysteretic behaviour of the mesoscale units produces loops in the stress–strain curves. These loops mean spe-
ciﬁc dissipated energy per cycle DW as evaluated from the integral over the period T:DW ¼
I
rd ¼
Z T
0
rðtÞ _ðtÞdt: ð47ÞThe time response rðtÞ is illustrated in Fig. 13 while the hysteretic loops are shown in Fig. 14. It can be seen how the sinu-
soidal stress responses are distorted symmetrically producing only odd harmonics in the spectra. Moreover, this distortion
increases with the load amplitude and produces a loop in the stress–strain curve, causing dissipated power. The quality and
the damping loss factors can then be evaluated from these loops.
Fig. 14. Hysteretic loops at 3 kHz. Arrow: increasing amplitude from 1e3 to 1e4 Pa.
Fig. 15. Dissipated power at 3 kHz for different load amplitudes.
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Q
¼ DWW ; ð48Þwhere W is the average strain energy per cyclef ¼ 1
2Q
ð49Þand f is the damping loss factor. Figs. 15–17 exhibit a quadratic trend with the load amplitudes, in accordance with
the quadratic law of the third and ﬁfth harmonics amplitudes that are responsible for the hysteretic distortion. Fur-
thermore, the hysteretic properties inﬂuence the elastic modulus in the stress–strain curve. In Fig. 18 is displayed
the decrease in slope of the loop major axis, which means a negative shift in the natural frequencies. This aspect
has been investigated with a supplementary analysis at the ﬁrst natural frequency, which is at 4443.57 Hz. Stress
and strain curves have been obtained at this frequency for lower load amplitudes (from 1e1 to 1e2 Pa). Then the
slopes of the hysteretic loops have been used as averaged elastic properties in order to perform a modal analysis
Fig. 16. Quality factor at 3 kHz for different load amplitudes.
Fig. 17. Damping factor at 3 kHz for different load amplitudes.
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reported in Van Den Abeele et al., 2004.
4.4. Plane strain case with monotone harmonic excitation
This case regards a plane strain problem for a free-edges rectangular plate 80 cm  10 cm loaded with a uniform force
distributed on the upper edge between 5 and 10 cm as in Fig. 4. Again, the red area highlights the presence of the nonlinear
Fig. 18. Hysteretic loops: average elastic modulus: red lines show decrease with the load amplitudes.
Fig. 19. Decrease in resonance shift: the ﬁrst natural frequency decreases with the load amplitudes.
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stress case have been found for the plane strain case and hence are not reported here.
5. Conclusions
A new approach to nonlinear wave propagation in hysteretic materials has been presented here. The numerical scheme
used to discretize the equation of motion is a meshless method known as Element Free Galerkin even if any other method
could be used. Analysis have been performed for two plates, one in plane stress and the other in plane strain. Nevertheless,
the use of discretized equation of motion actually anticipates the extension to 3D solids. The method makes use of an
assumption based on the order of smallness. The main idea is the decomposition of the total discretized displacement ﬁelds
in a linear part (the zeroth-order solution) and in a ﬁrst-order nonlinear one, allowing to separate the full nonlinear problem
Fig. 20. Plane strain case: third harmonic (9 kHz) map of jð1Þx j.
Fig. 21. Plane strain case: third harmonic (9 kHz) map of jð1Þy j.
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frequency analysis can be readily conducted by the means of fast Fourier transform. The ﬁrst order nonlinear part is the solu-
tion of a linear problem forced with ‘‘nonlinear” forces given by the product of zeroth order strain and the ﬂuctuation of the
elastic moduli derived from the application of a mesoscale approach, known as PM space. Results show good agreement with
experimental evidences found in the literature. Future developments of this work will be the extension to anisotropic tridi-
mensional solids for damage detection of industrial and civil structures and fracture mechanics.
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